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Part Il. Cascade

A general analysis of a cascade of identical recycle units is presented by means
of studying the fluid history inside the system. This is an extension of Part I (Mann
et al., 1979) in which a single recycle unit was analyzed. The history of a fluid
element is expressed in terms of the number of cycles it completes, the time it
resides in the system and the total time it resides in a specific section of the
system—all are random variables. Concepts from probability theory and stochas-
tic processes are used to derive the number of cycles distribution (NCD), resi-
dence time distribution (RTD) and various total regional residence time distri-
butions (TRRTDs) as well as their means and variances. Expressions for the joint
distributions of pairs of these random variables are also derived as-well as explicit
expressions for their covariances and correlation coefficients. Two applications of
the results are illustrated: one in analyzing a continuous spouted-bed coating unit
and the second in using the cascade as a flexible, physically based multi-parameter
flow model.

SCOPE

The history of a fluid element (or particle) in a continuous
recycle system is characterized in terms of the number of cycles
it completes, the time it resides in the system and the total time
itresides in specific regions of the system. Detailed information
on particle history can be quantitatively expressed by the joint
distributions of pairs of these characteristics, by the number of
cycle distribution (NCD), the residence time distribution
(RTD), and the total regional residence time distribution
(TRRTD). Joint distributions, their covariances and correlat-
ing coefficients are useful in analyzing processes in which parti-
cles undergo changes according to two different mechanisms
(e.g., reaction and attrition of coal particles in a gasification
unit).

Part 1 of this paper appeared in AICRE ., 25, 873 (1979).

0001-1541-81-4870-0829-$2.00. ®The American Institute of Chemical Engineers,
1981.
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The NCD is useful in analyzing processes in which the qual-
ity of the product is related on the number of cycles a particle
completes (e.g., spouted bed coating). The RTD is useful when
the quality of the product depends on the residence time in the
system (e.g., chemical reaction) and in formulating flow
models. The TRRTD is useful when particles undergo changes
in certain sections of the system (e.g., reaction occurring in a
high-temperature region).

In Part I (Mann et al., 1979) these concepts were introduced
and a single recycle unit was studied. Explicit expressions for
the joint distribution of the number of cycles and residence
time, the NCD, RTD, TRRTD as well as the covariances and
correlation coefficients of pairs of these characteristics were
derived. In this article the analysis is expanded to a cascade of
identical recycle units connected in series.
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CONCLUSIONS AND SIGNIFICANCE

The history of a fluid element in a cascade of identical recycle
units is described in terms of the number of cycles it completes,
the time it resides in the system and the total time it resides in
particular sections of the system~—each of these is a random
variable. Explicit expressions for the joint distribution of the
number of cycles and the residence time, the number of cycle
distribution (NCD), the residence time distribution (RTD), and
total regional residence time distributions (TRRTDs) are de-
rived.

The NCD is a negative binomial distribution which depends
only on the recycle ratio, R, and the number of recycle units in
the cascade, m. The mean of this distribution is m(R + 1) and its
variance is mR(1 + R). It is shown that for a given value of the
mean, the variance of the NCD decreases as m increases.

A general expression for the RTD is derived in terms of the
recycle ratio, the number of units in the system and flow
patterns, expressed by the one-pass RTDs in the two regions
forming each unit. It is shown that for a given mean residence
time, the density of the RTD converges to a dirac delta function
as the number of units goes to infinity. In modeling, a flow
model which is based on a cascade of recycle units provides two
advantages over the continuous stirred tanks (CSTs) in-series
model commonly used. First, each recycle unit may represent

more realistically actual sections of the system which are rarely
well-mixed. Second, this model has three parameters (number
of units, recycle ratio and unit configuration) which could be
adjusted to fit a wide variety of measured RTD curves. The
CSTs-in-series model has only one parameter (the number of
tanks) and can be used to fit only RTD curves which belong to
the class of gamma distribution.

Total regional residence time distributions are derived and it
is shown that these distributions depend on m, R and the
one-pass RTD through the respective region. The mean of the
total regional residence time is equal to the product of the mean
residence time in the system and volume fraction of that re-
gion.

The relationships among the number of cycles, residence
time and total regional residence times are described by
explicit expressions of the covariances and correlation
coefficients of pairs of these variables. These could be used in
estimating the value of one variable for a given value of the
second. It is found that the correlation coefficients of the
number of cycles and residence time, of the number of cycles
and total regional residence time and of the total regional
residence times in the two regions are independent of the
number of units in the cascade.

BACKGROUND

In Part I (Mann et al., 1979), a general analysis of continuous
recycle systems was given. The history of a fluid element inside
the system was described in terms of several characteristics like
the number of cycles a particle completes, the time it resides in
the system and the total time it resides in a specified section of
the system. Probabilistic methods were used to derive expres-
sions for the number of cycles distribution (NCD), the residence
time distribution (RTD) and the total regional residence time
distribution (TRRTD) as well as their means and variances. The
relationships among these characteristics were expressed in
terms of joint distributions, covariances and correlation
coefficients of pairs of these variables.

This paper expands the analysis of Part I to a cascade of m
identical recycle units connected in series as shown schemati-
cally in Figure 1.

The interest in the cascade is two fold: first, numerous physi-
cal systems consist of identical recycle units. Two such systems
are the continuous particle coating apparatus of Wurster and
Lindlof (1966) and the granulation unit of Ormos et al. (1976).
Second, many chemical engineering systems can be more realis-
tically represented by a cascade of recycle units than by the
commonly-used continuous stirred tanks (CSTs) in-series
model (Levenspiel, 1972).

As in Part I, the present analysis considers the history of a
single fluid element in the system in terms of the number of
cycles it completes, the time it resides in the system, the time it

~

m units

Figure 1. Schematic representation of the system.
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resides in certain sections of the system and the relationships
among these characteristics. In order to illustrate the use of
some basic results from probability theory, the NCD and RTD
are discussed first and then the joint distribution.

DISTRIBUTION OF NUMBER OF CYCLES

Consider a continuous system which consists of m identical
recycle units shown schematically in Figure 1. Each unit con-
sists of two flow regions: flow region “1” with volume V,; and flow
rate w,;, located on the main flow line, and region “2” with
volume V, and flow rate w; located on the recycle line. The net
flow rate through each unit is w, = w, = w,. In each unit, the
one-path residence time distribution (RTD) in region “17 is
H,(x) and the one-path RTD in region “2” is Ha(y), as defined in
Part . It is assumed that the system is at steady state, and that
the fluid consists of identical elements whose flow properties do
not change within the system.

The number of cycles, N, is defined here as the number of
times a fluid element passes through any one of flow regions “1”
during its passage through the system. Thus, N is a discrete
random variable which assumes the integral values m, m + 1,
. ... Let

L

q,n(n)ZP{N=n} (n=m,m=.—l...)

be the probability function of N. The corresponding distribution
function

"

()m(") = P{N = Tl} = 2 qm(i)

d=m

is the number of cycles distribution (NCD).

Let N, be the number of cycles which a fluid element com-
pletes in unit 1, N, the number of cycles it completes in unit 2,
etc., then

N:Nl+.--+N1n- (1)
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Now, N;, Ny, . . . , N, are independent random variables and

from Part I we know that each follows a geometric distribution
with parameter p, i.e.,

gln) = PINy=n}=(1— p)pn—l

where p = w,/w, is the recycle fraction in each unit. In other
words, p is the probability that a fluid element recycles in a unit
after leaving its region “1.”

It is well known that the sum of m independent random
variables each with a geometric distribution follows a negative
binomial distribution (Feller, 1968, p. 269), i.e.,

n=12...)

m+ k-1
k
Here, k denotes the number of cycles above the minimum

number, m, completed during a passage through the system.
The mean and variance of this distribution are

Gmlm + k) = ( )p"(l -p™ k=0,1,2... (2

m

uy = E[N] = e =(R+ m 3
and
2= vy =__mr __ .
of = Var[N] T = R(R + I)m “)

Note that, as expected, both the mean and the variance of the
cascade are the sum of the mean and the variance, respectively,
of the individual units.

The NCD depends on only the number of units and the
recycle fraction (or recycle ratio) in each unit and does not
depend on the internal configuration of the units, fluid proper-
ties or flow patterns in each unit. Figure 2 shows the probability
function for systems with different numbers of units. For com-
parison purposes, we take the mean of the distribution as a
constant, my = 100. Then for each value of m, the recycle
fraction, p, is determined by Eq. 3. Note that the probability
function of N varies from a geometric distribution whenm = 1to
adirac delta function when m = wy. In the latter case p.= 0, and
each fluid element passes only once through each unit and
completes exactly m cycles. This can be seen by examining the
ratio of the standard deviation and the mean of N for different
number of units. From Egs. 3 and 4:

0' .

L2 )
1223 m
but foragiven value of uy, p = (1y — m)/ py and Eq. 5 becomes
Oy _ [ My —m 6)
Moy My m

Since my = m, the ratio becomes smaller as m increases and is
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zero when m = gy in which case p = 0 by Eq. 3. Note that when
my >> m, Eq. 6 is reduced to oy/y = V/ 1/m, thus_the
relative standard deviation is inversely proportional to vV m .

RESIDENCE TIME DISTRIBUTION

The residence time in the system is defined as the time a fluid
element spends in the system. Let T denote this random vari-
able and let

F,t) =PT=1t (t>0)

stand for its distribution function. F,(#) is by definition the RTD
of the system.

The residence time in the system is clearly the sum of the
residence time in each of its units. Thus, if T, denotes the time a
fluid element spends in unit “1,” T, the time it spends in unit
“2.” etc., then

T=T,+T+...+T, . @

The random variables Ty, Ts, . . . , Ty are all independent and all
follow the same distribution, F(t), which is the RTD of a single
unit derived in Part I. Hence, the RTD of the cascade is the
m-fold convolution of F(¢), i.e.,

Fu(t) = [FO)p™ ®)

It follows immediately (see Appendix B of Part I) that the La-
place transform of F,(t) is:

Puts) = [ edbae) = (P

which upon substitution according to Eq. 20 of Part I, becomes
(1~ p) Ails) r

l-p fl,(s) Iflz(s) '

Fols) = [ (9)

This is the transfer function of the system.

The mean and variance of the RTD can be derived from Eq. 9
using the methods described in Appendix B of Part I, or alterna-
tively, directly from Eq. 7 noting that the expected value of a
sum of random variables is the sum of the expected values of the
individual random variables. Thus,

ur = E[T] = E[T, +... + T,]

=E[T]+...+E[T.] =mE[T,].

But, E[T,]is the mean residence time in a single unit which is
given in Eq. 21 of Part I. Hence,

{1y + pus) (10)

_m
Mg T-p
Similarly, using the fact that the variance of the sum of indepen-
dent random variables is the sum of the variances of the indi-
vidual random variables we have

of = Var[T] = Var[T, +. .. + T,]

= Var[T,] + ... + Var[T,] = m Var[T,}

Substituting the expression for the variance of the RTD in a
single unit given in Eq. 22 of Part I we obtain,

. mp . m
o7 W(M|+H2>+l__p
Here, p, po, 0%, 05 are, respectively, the means and variances
of H\(x) and Hy(y). Since u, = V,/w,, ps = Vo/ w, V, =V, + V,,
we = pw, and wy = wy — w,, it follows from Eq. 10, that the
mean residence time in the system is mV,/w,, which, as ex-
pected, is equal to the total volume of the system divided by the
volumetric flow rate.
A more explicit expression for the RTD of the system than Eq.

(of + pod). (11
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8, may be obtained either by performing the formal convolution
operation of Eq. 8, or alternatively, as follows. First write

F,() = PT =1t} =

kﬂHTSHN=m+HHN=m+&(m
This is the so-called formula of total probability where the first
term under the sum is the conditional probability that T < ¢
given that N = m + k. To evaluate this term we note that once it
is known that a fluid element completed exactly m + k cycles in
the system it then immediately follows that it visited m + k times
in regions “1”, and k times in regions “2”. Thus,

P{T <t|N =m+ k} = [HF ™ *Hz¥]() -

Substituting this in Eq. 12 together with the expression for P{N
= m + k} according to Eq. 2 we obtain

< + k-1
P =a-pm 3 (" )
four k
pHHEm ) . (13)
When the densities of H;(x) and Hy(y) exist, one can obtain an
explicit expression for the density of the RTD, f,,(f), by rewrit-

ing Eq. 13 as:
& o(m+k—1
(")

k=0

fa®) = (1 = p)™

t
v [ hemheie - e (14)
In principle, whenever m, p, hi(x) and hy(y) are known, f,.(t) can
be calculated directly from Eq. 14. However, the computations
may be quite difficult since they involve evaluations of n-th
order convolutions and an infinite series of integrals. Fortu-
nately, for many commonly-used system configurations useful
RTD expressions can be derived. Using the same technique
described in Part I, we can write explicit RTD expressions when
the two flow regions are represented by either a plug-flow zone,
a series of equal-size stirred tanks, or the combination of the
two. For convenience, we divide these into the four cases shown
schematically in Figure 2 of Part I.

Case A: In each unit, both flow regions are represented by a
plug flow zone, i.e., h(x) = 8(x — 7,), ho(y) = 8(y — 7»), where 7,
= V,/w, and 7, = Vy/w,. For this case Eq. 14 reduces to

= —pm 3 ("TETH

k=0

p*8(t — (m + k)7, — kro). (15)

Case B: In each unit, region “1” is represented by «, equal-
size stirred tanks connected in series to a plug flow zone and
region “2” is represented by a plug flow zone, i.e.,

x— 7

B

ay1—1
) e~ (= TDIBL (x > 7'1)

1 1
MO = Ty B (
hat) = 8y — 72) .

wherer, = V,,/w,, B, = Vin/oyw, and 7, = V,/ ws. For this case
Eq. 14 reduces to

S fm+ k-1
() = (1 — p)™ .
fult) = 0= 3 ("
p* 1 (t —(m + b1y, — kry )<m+k>a1~1
T{(m + ba,) B, B,

—(—m+kyr1—-k12)81 (t > (m + k)T] + sz) (16)

e

Case C: In each unit, region 17 is represented by a plug-flow
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1

zone and region “2” by a plug flow zone connected to a series of
a, equal-size stirred tanks, i.e.,

hi(x) = 8(x — 7))

y— 7

Bz

a9—1
) ewmTNB (= 1))

1 1
holy) = Tay) _B—z <

where 7, = V\/w,, 7y = Vy,/ws and B, = V,,/ae,. For this case
Eq. 14 reduces to

fult) = (1 = p)"8(t — m7))

t — (m+ k), — kr, )"“’2"
B:

(t > (m + kv, + krp) (17)

pt 1 (
Plkow) B,
. e—iIA(m+k)71—k72)/l32

Case D: In each unit, both region “1” and region “2” are
represented by a plug flow zone connected to a series of
equal-size stirred tanks (@, in region “1” and «; in region “2”),
Here

1 1 . — a1—-1
M = oy 5 & - )" ez
- 1 L y = 7\ L~ {y—T2)/ By
haoly) = Tw) By ( B ) e .y =)

where 7, = V,,/w,, By = Vi/auw,, 7, = Vo, /w, and B, =
Vam/@aw;,. In this case, Eq. 14 reduces to

m o« [(m T k—1 )
ey =a=pm 3 (")
. 1 111
P " Tm ¥ Pay) Ttkay B Be

ki _ x—(mtkir]
- j-l T2 (I . (m + k)Tl )(m+k)a1 1 AT
(m+k)ry :31
. t - x — ktg
t—x — kry 2! - —p—
. (--B—z-) e B dx (18)
2

for t = (m + k)r; + k7, and zero otherwise.

The foregoing RTD expressions can be used to formulate and
verify various flow models. Figures 3 and 4 show the f,,(¢) curves
for several illustrative systems at various values of m. The ver-
satility of a flow model based on a cascade of recycle units to
represent systems whose RTD curves have wide range of shapes
is evident.

JOINT DISTRIBUTION OF THE NUMBER OF CYCLES AND
RESIDENCE TIME

The joint distribution of N and T is defined as the probability
that a fluid element completes exactly n cycles while residing in
the system no longer than time ¢, viz.,

Gu(n, t) =P(N=n,T=t.

Both the RTD and NCD are special cases of the joint distribu-
tion and are related to G(n, t) by:

Ful) =PI =t} = PN <, T =1} = 3 Guln, 8), (19)

h=m

n=mm+1,....:t>0)

and

gm(n) = PN =n} = PIN=n, T <w}= }Ln;l Guin, t) (20)
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Figure 3. Hlustration of residence time distribution for different number of
units (p = 0.5;V, = 0.2v; V, = 0.8V, a; = 2; o, = 0).

This joint distribution can be evaluated using, once again,
conditional probabilities,
Guim+k ) =PIN=m+k T=t}

=PT<t|N=m+KPN=m+k. (21

In the last expression of Eq. 21, the first term is given by Eq. 12
and the second term by Eq. 2. Hence,

+ k-
N R T e P )

(22)

In principle, whenever m, p, H(x), and H,(y) are known, G,(n,
t) can be evaluated for any value of n and t. Note thatform = 1,
i.e., when the system consists of a single recycle unit, Eq. 22 s
reduced to the joint distribution of a single unit as given in Part
I. When p = 0, i.e., when each unit has no recycle, Gu(n, t) =
Hi#™(t) which is then the RTD of the system.

In many cases, it is technically difficult to evaluate Gp(n, t)
explicitly. It is then useful to consider the joint transform,
defined in Part I, from which moments can be easily calculated.
Applying the technique described in Part I, and using the
properties of Laplace transform, the joint transform of a cascade
of m recycle units is given by:

(1 — p)zf,(s) ]m
1- ngl(s)ﬁ2(3) '

where [z| < 1 and s > 0 are the transform variables and A,(syand
ﬁ2(3) are the Laplace transforms of H(x) and H,(y), respec-
tively.

The expressions of Egs. 22 and 23 are two key relations which
characterize the behavior of the system. Both the NCD and the
RTD can be derived from Eq. 22 using Eqs. 19 and 20 and their
moments can be derived from Eq. 23. However, since these
have already been obtained via different methods, we shall not
pursue this here. Instead, we shall later use them to derive
product moments and correlation coefficients of these variables.
Before we do this, let us look at regional residence time distri-

butions.

(23)

Gz, s) = [

TOTAL REGIONAL RESIDENCE TIME DISTRIBUTIONS

Certain processes depend on the total time a fluid element
stays in a specific section of the system. Such processes are
conveniently characterized by the total regional residence time
distributions (TRRTDs). In the cascade, several regions may be
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Figure 4. Hlustration of residence time distribution for different number of
units (p = 0.5, V, =V, = 0.5V;; o, = 5; @, = 0).

of interest. When the residence time in a specific unit is impor-
tant, the TRRTD is given by the RTD of a single recycle unit.
When the total residence time in a flow region of a specific unit is
important, the TRRTD is given by the TRRTD of either region
“1” or region “2” derived in Part 1. If the total residence time in
all regions “1” or regions “2” is important, the TRRTD is ob-
tained as follows.

Let W, be the total time a fluid element spends in region “1”
of unit 1, W, be the time spent in region “1” of unit 2, etc. Then
the total regional residence time in regions “1” of the cascade,
T.", is given by

T =W, +...+ W,

The distribution of T, is
F(t) = PIT,{V = 1},

which is by definition the TRRTD for all regions “1.” An expres-
sion for F,{"(t) can be easily obtained directly from Eq. 13 hy
noting that the total residence time in regions “1” is equal to the
residence time in the system if the residence time in all regions
“2” were zero. Thus, by substituting a unit step function at the
origin for Hy(y) into Eq. 13 one obtains

o =a-pm 3 ("7 ET ey,
k=0 k

(24)

When the density of H,(x) exists the density of the TRRTD of
regions “1” can be written as:

m+k-—1

W =0 -pr 3 Jphses e
k=0 k

For the special case when region “17 is represented by a cascade
of a;, equal-size stirred tanks and a plug flow zone Eq. 25

reduces to

1), = _ m Sfm+k—1 X
) =1 - p) é( h )
k 1 1 ( t — (m + k)7 )(nz+k)al—1
P T + B B 23
—(—(m+k) 71481 )

e
.. The Laplace transform of Fi(¢} is obtained by substituting
Hy(s) = 1 into Eq. 9, viz.,
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0= pho ] 26)

Fids) = [ =
1 — pHi(s)
The mean and the variance of Fi{(t) can be obtained directly

from Eq. 26 using the relations given in Appendix B of Part I.
The results are

m

K @7
~p

E[TV] =
and

1
Var[Ty)] = m[ T T cr%] (28)

Note that both Fi{(¢) and its moments depend only onm, p, and
H,(x), and not Hy(y). Also note that the mean and the variance of
the TRRTD for all regions “1” are, as expected, m times the
mean and variance of the TRRTD in region “1” of a single unit.
Also, when m = 1, Eq. 25 is reduced to the single unit expres-
sion derived in Part L. Since, u, = V/w, = (1 — p)V{/w, and py
=m(V, + Vu)/w,, Eq. 27 becomes

Vv,

E[TWV = —— ' .
[ n/] V[ +V2 Mg .

(29)
Thus, the mean of the total regional residence time in regions
“17 is proportional to the volume fraction of these regions and

the mean residence time in the system. Also, upon substitution
= (V) + V,)m/w, Eq. 29 becomes

Er) = 2V

Ly
which shows that the mean regional time in regions “17 is, as
expected, the volume of regions “1” divided by the net flow rate
through the system.

The TRRTD in regions “2” and its moments may be obtained
in a similar way. The results are:

B =1 —p" 3 (m +: ) 1>P’*[Hi“']u)
k=1
By = [P
1 — pHyls)

(T3] = o |
-p
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Figure 6. lHustration of residence time distribution and total regional
residence time distribution m = 5;p = 05,V, =V, = 0.5V, a, = 5;
a, = 0)

Var[T?] = m[ T _pp)z u3 + f - 0'%] (30)

When region “2” is represented by a series of @, equal-size
stirred tanks connected to a plug flow zone, the density of F(1)
is:

o mt k-1
"2,)“) =(1 ~ p)m (771 .
)
Pk 1 L < b~ km, )kaz_lé}u — kr2)B2
[Ckaw) B, B2

Figures 5 and 6 show the densities of fi'(#), and f,(2) for two
illustrative recycle systems.

JOINT PARAMETERS

As indicated in Part I, useful concise information on fluid
history in the system may be gathered from the joint parameters
(mvarmn(es and correlation coefficients) of Nand T, N and TV,
Nand T2, T,V and T,/?, etc. We start with the covariance of N
and T. By definition,

COVIN. T) = E[(N — E[N](T — E[T]D]}

From the definitions of Ny. . . . . N, Th. .. .,

and 7 we obtain

T, and Egs. 1

covy. n=£[( 3 N - E[E N}
T,;])] = E[<,2, ™, - EIND):

( é (T, - E[T;]))] = E[ i N, —

i=1

(ST,—E[E

E[NI(T: = E[T3])

<2 3 (v - ENDT, - BT |

i<i

3 E| (v - B, - e, - BT
+2 % B, - BN, - BT | e

i<j
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For thei-th unit, E[(N; — E[N])(T; — E[T:])]is the covariance of
N and T for a recycle unit and is given by Eq. 63 of Part 1.
Moreover, all the terms under the second sum vanish since each
is COV(N;, T)) andfori <j, N;and T;are independent. Thus Eq.
31 reduces to

ﬁg%ﬂm+m) (32)

COV(N, T) =
The correlation coefficient of N and T,

COV(N, T)
(Var[N)VA(Var[T])2 °

p(N. T) =

is obtained by substitution from Eqgs. 4 and 11. It is:

(g% + pod) ]‘”2
(1 + p9)?

1-p

PN, T) = [1 + (33)
Note that the correlation coefficient of N, and T in a cascade of m
identical recycle units is independent of m and is the same as
that of a single unit.

The covariance of N and T4 can be obtained, like in Part I, by
substituting 4, = 0 and a3 = 0 in Eqgs. 32 and 33. This gives:

mp
_ p)z (ad]

COVWN, Ty)) = a

and hence
3]

—_ 12
(ut + ==L at)

Similarly the covariance and correlation coefficient of N and T, ®
are:

PN, TY) =

mp
COVN, TP) = ——
( ’ m) (1 — p)z M2

and

. Mo
N, T®) =
PN T) = T T — o]

Once again these are the same as for a single unit and are
independent of m.

To obtain an expression for the covariance of T,/ and T,/* we
note that T = T,V + T,#, use the relation

COV(TY, T®) = (Var[T] — Var[T3] — Var[T2])/2,

{(see Eq. 70 of Part I) and substitute Eqgs. 11, 28, and 30. This
leads to:

_ Mpiity
COV(TY, TY) = T
and hence
p(TSY, TH) = dnllac

C T+ T - p)oilPppl + (1 - p)poil™

Here again, the correlation coefficient is independ ent of m and is
the same as that of a single unit.

APPLICATIONS

The foregoing analysis provides general expressions which
can characterize almost any operation carried out in a process
which can be represented by a cascade of m identical recycle
units. To give an idea on the applicability of the results we shall
discuss here two situations where they can be used. The first is
an example of an operation in which the number of passages
through regions “1” is the important system parameter. The
second is a short discussion on the versatility of the cascade of
recycle units in modeling.
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Consider first the particle coating apparatus of Wurster and
Lindorf (1966) which can be schematically described by Figure
1. Every time a particle passes through a region “1” it is being
sprayed with a coating solution and the solvent evaporates when
particles pass through regions “2.” Thus, the total amount of
coating on a particle depends on the number of cycles it com-
pletes and the amount of coating in each passage, which is also a
random variable. A more complete analysis of the coating unit
will be given elsewhere. Here, for simplicity, we assume that
the amount of coating added on in each passage is constant. The
problem we address is how many units should be used in order
to satisfy given requirements on coating uniformity.

Since the amount of coating added on in each passage is fixed,
the coating requirement immediately determines the mean
number of cycles. Let us say that the mean is E[N] = M, where
M is known. The requirement on coating uniformity among
particles can be stated in several ways. In most cases the uni-
formity specification is that the fraction of particles carrying less
than a specified amount of coating C,, or more than C, is less
than . Since the amount of coating added in each cycle is
constant, these limits can be expressed in terms of two integers
L, and L, which denote the lowest and highest number of cycles
acceptable. Then from Eq. 2 the uniformity specification can be
written as:

La—m + k -1
a-pm s ("7

k=Li—m

)p"21~7

From Eq. 3, p = (M — m)/ M and the uniformity specification
can be expressed as:

m Ly~m _ — k
(g) 2<m+,]: 1)(M m)zl—'y
k=Ly~m m
This relation can be solved numerically to determine the value
of m. Once m is selected the recycle fraction (operating condi-
tions) in each unit is determined by Eq. 3.

The second application concerns the use of a cascade of recy-
cle units as a flow model. This model provides two advantages
over the stirred tanks-in-series model, commonly used in chem-
ical engineering. First, each recycle unit represents more realis-
tically local deviations from ideal mixing. Second, this model
consists of three parameters (m, p, and unit configuration) which
could be conveniently adjusted to many practical situations. The
configuration of each recycle unit is first hypothesized on the
basis of available knowledge regarding the system structure and
behavior. Then itis adjusted by trial and error until the shape of
the RTD curve of the model corresponds to the measured RTD
curve of the actual system. The diversity of RTD curves which
can be represented by the cascade of recycle units model is
illustrated in Figures 3 and 4.

Finally, we note that a well known result on the stirred tanks-
in-series model also holds true for any cascade of recycle units
irrespective of the configuration of each unit. Specifically, we
wish to show that a cascade system with fixed mean residence
time behaves, at the limit, when m goes to infinity like a plug
flow region. To show this we assume that ur = mV,/w, is con-
stant, that system configuration does not change, i.e., V,/V, is
constant, and that mixing patterns do not change, i.e., o/u, and
Oy/i, are both constants. Then a straight forward argument
using Eq. 10 will show that % goes to zero as m goes to infinity
and the result follows.
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NOTATION

Fn(t), FiP(t), Fo2(t) = total residence time distribution for the
system, regions “1” and regions “2”, respectively

. . (dimensionless)

Fou(s), FuV(s), F,®(s) = Laplace transform of F,(t), F,"(t) and
F®@(t)(dimensionless)

Sul®), PO fnP(8) = densities of Fu(t), F,'"(t) and F,®(t)
(time™)

Gu(n, t) = joint distribution of number of cycles and residence
time (dimensionless).

H,(x), Hy(y) = one-pass residence time distribution in region

. “1” and region “2,” respectively (dimensionless)

H,(s), ﬁg(s) = Laplace transform of H,(x) and H,(y), respec-
tively (dimensionless)

hi(x), holy) = densities of H(x) and H,(y), respectively (time™")

N = number of cycles in the system, a random variable

N; = number of cycles in the i-th unit, a random variable

m

p

number of units in the cascade
= recycle fraction wy/w, (dimensionless)
Qu(n) = distribution function of N, NCD (dimensionless)
gm(n) = probability function of N (dimensionless)
R = recycle ratio wy/w, (dimensionless)
s = variable of Laplace transform
T, T; = residence time in the system and in the i-th unit,
respectively, random variables
T, T® = total residence time in regions 1”7 and “2,” respec-
tively, random variables

t = time

Vo, Vi, Vp =volume of a unit, region “1” and region “2” of a unit,
respectively

Vi Vo = V()Fume of mixing zone in region “1” and region “2,”
respectively

Vip» Vap =volume of plug flow zone in region “1” and region “2.”
respectively

ws, Wy, w, = net flow rate through each unit, through region “1”
and region “2,” respectively (volume/time)

W, = total regional residence time in region “1” of the i-th
unit, a random variable

x, y = time

z = transform variable (dimensionless)

Greek Letters

a,, ® = number of equal-size stirred tanks in region “1” and
region “2,” respectively (dimensionless)

B, B: = mean residence time of one passage through a stirred

tank in region “1” and region “2,” respectively (time)

I'( ) = gamma function
M1, 42 = mean of H\(x) and H,(y), respectively (time)
My = mean of Q,(n) (dimensionless)

My = mean of F,(t) (time)

p(,) = correlation coefficient (dimensionless)

a,, 0, = standard deviation of H,(x) and H,(y), respectively
(time)

Ty = standard deviation of Q,,(n) (dimensionless)

ar = standard deviation of F,(f) (time)

7, 7; = residence time in plug flow zone of region “1” and

“2,” respectively (time)
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