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A general analysis of a cascade of identical recycle units is presented by means 
of studying the fluid history inside the system. This is an extension of Part I (Mann 
et al., 1979) in which a single recycle unit was analyzed. The history of a fluid 
element is expressed in terms of the number of cycles it completes, the time it 
resides in the system and the total time it resides in a specific section of the 
system-all are random variables. Concepts from probability theory and stochas- 
tic processes are used to derive the number of cycles distribution (NCD), resi- 
dence time distribution (RTD) and various total regional residence time distri- 
butions (TRRTDs) as well as their means and variances. Expressions for the joint 
distributions of pairs of these random variables are also derived as well as explicit 
expressions for their covariances and correlation coefficients. Two applications of 
the results are illustrated: one in analyzing a continuous spouted-bed coating unit 
and the second in using the cascade as a flexible, physically based multi-parameter 
flow model. 

SCOPE 

The history of a fluid element (or particle) in a continuous 
recycle system is characterized in terms of the number of cycles 
it completes, the time it resides in the system and the total time 
it resides in specific regions of the system. Detailed information 
on particle history can be quantitatively expressed by the joint 
distributions of pairs of these characteristics, by the number of 
cycle distribution (NCD], the residence time distribution 
(RTD), and the total regional residence time distribution 
(TRRTB). Joint distributions, their eovariances and correlat- 
ing coefficients are useful in analyzing processes in which parti- 
cles undergo changes according to two different mechanisms 
(e.g., reaction and attrition of coal particles in a gasification 
unit). 

Part 1 of this puper dppeared in AIChE J ,  25, 873 (1979) 
0001-1541-81-4X70-0829-$2 00 “The American Institute of Chemical Engineers, 

1981 

The NCD is useful in analyzing processes in which the qual- 
ity of the product is related on the number of cycles a particle 
completes (e.g., spouted bed coating). The RTD is useful when 
the quality of the product depends on the residence time in the 
system (e.g., chemical reaction) and in formulating flow 
models. The TRRTD is useful when particles undergo changes 
in certain sections of the system (e.g., reaction occurring in a 
high-temperature region). 

In Part I (Mann et al., 1979) these concepts were introduced 
and a single recycle unit was studied. Explicit expressions for 
the joint distribution of the number of cycles and residence 
time, the NCD, RTD, TRRTD as well as the covariances and 
correlation coefficients of pairs of these characteristics were 
derived. In this article the analysis is expanded to a cascade of 
identical recycle units connected in series. 
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The history of a fluid element in a cascade of identical recycle 
units is described in terms of the number of cycles it completes, 
the time it resides in the system and the total time it resides in 
particular sections of the system-each of these is a random 
variable. Explicit expressions for the joint distribution of the 
number of cycles and the residence time, the number of cycle 
distribution (NCD), the residence time distribution (RTD), and 
total regional residence time distributions (TRRTDs) a re  de- 
rived. 

The NCD is a negative binomial distribution which depends 
only on the recycle ratio, A, and the number of recycle units in 
the cascade, m. The mean of this distribution is m(R + 1) and its 
variance is mR(1 + R). I t  is shown that for a given value of the 
mean, the variance of the NCD decreases as m increases. 

A general expression for the R T D  is derived in terms of the 
recycle ratio, the number of units in the system and flow 
patterns, expressed by the one-pass RTDs in the two regions 
forming each unit. It is shown that for a given mean residence 
time, the density of the RTD converges to a dirac delta function 
as the number of units goes to infinity. In modeling, a flow 
model which is based on a cascade of recycle units provides two 
advantages over the continuous stirred tanks (CSTs) in-series 
model commonly used. First, each recycle unit may represent 

more realistically actual sections of the system which a r e  rarely 
well-mixed. Second, this model has three parameters (number 
of units, recycle ratio and unit configuration) which could be 
adjusted to fit a wide variety of measured RTD curves. The 
CSTs-in-series model has only one parameter (the number of 
tanks) and can be used to fit only RTD curves which belong to 
the class of gamma distribution. 

Total regional residence time distributions a re  derived and it 
is shown that these distributions depend on m, R and the 
one-pass RTD through the respective region. The mean of the 
total regional residence time is equal to the product of the mean 
residence time in the system and volume fraction of that re- 
gion. 

The relationships among the number of cycles, residence 
time and total regional residence times are described by 
explicit expressions of the  covariances and correlation 
coefficients of pairs of these variables. These could be used in 
estimating the value of one variable for a given value of the 
second. It is found that the correlation coefficients of the 
number of cycles and residence time, of the number of cycles 
and total regional residence time and of the total regional 
residence times in the two regions a re  independent of the 
number of units in the cascade. 

BACKGROUND 

In Part I (Mann et  al., 1979), a general analysis of continuous 
recycle systems was given. The history of a fluid element inside 
the system was described in terms of several characteristics like 
the number of cycles a particle completes, the time it resides in 
the system and the total time it resides in a specified section of 
the system. Probabilistic methods were used to derive expres- 
sions for the number of cycles distribution (NCD), the residence 
time distribution (RTD) and the total regional residence time 
distribution (TRRTD) as well as their means and variances. The 
relationships among these characteristics were expressed in 
terms of joint distributions, covariances and correlation 
coefficients of pairs of these variables. 

This paper expands the analysis of Part I to a cascade of m 
identical recycle units connected in series as shown schemati- 
cally in Figure 1. 

The interest in the cascade is two fold: first, numerous physi- 
cal systems consist of identical recycle units. Two such systems 
are the continuous particle coating apparatus of Wurster and 
Lindlof (1966) and the granulation unit of Ormos et al. (1976). 
Second, many chemical engineering systems can be more realis- 
tically represented by a cascade of recycle units than h y  the 
commonly-used continuous stirred tanks (CSTs) in-series 
model (Levenspiel, 1972). 

As in Part I ,  the present analysis considers the history of a 
single fluid element in the system in terms of the number of 
cycles it completes, the time it resides in the system, the time it 

v, v, 
H,Ix) HJx) 

P 

m un i ts  

Figure 1. Schematic representation of the system. 

resides in certain sections of the system and the relationships 
among these characteristics. In order to illustrate the use of 
some basic results from probability theory, the NCD and RTD 
are discussed first and then the joint distribution. 

DlSTRlBUTlON OF NUMBER OF CYCLES 

Consider a continuous system which consists of m identical 
recycle units shown schematically in Figure 1. Each unit con- 
sists of two flow regions: flow region “1” with volume V, and flow 
rate w , ,  located on the main flow line, and region “2” with 
volume V2 and flow rate w2 located on the recycle line. The net 
flow rate through each unit is wo = w ,  - w2.  In each unit, the 
one-path residence time distribution (RTD) in region “1” is 
H , ( x )  and the one-path RTD in region “2” is H,(y), as defined in 
Part I. It is assumed that the system is at steady state, and that 
the fluid consists of identical elements whose flow propertiesdo 
not change within the system. 

The number of cycles, N, is defined here as the number of 
times a fluid element passes throughany one of flow regions “1” 
during its passage through the system. Thus, N is a discrete 
random variable which assumes the integral values m, m + 1, 
. . . . Let 

y,?,(n) = P{h’ = n} ( n  = m, m 4 1 . . . )  

he the probability function ofN. The corresponding distribution 
function 

2, 

~ , , ( n )  = P { N  5 nl = qIltW 
,=I), 

is the number of cycles distribution (NCD). 
Let N ,  be the number of cycles which a fluid element com- 

pletes in unit 1, N 2  the number of cycles it complete, in unit 2, 
etc., then 

N = N ,  + . . . + N,, , .  (1) 
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Figure 2. Number of cycles distribution. 

Now, N , ,  N , ,  . . . , N m  are independent random variables and 
from Part 1 we know that each follows a geometric distribution 
with parameter p .  i .e.,  

4(n) = P{Ni = n} = (1 - p)pn- '  ( n  = 1, 2, . . .) 

where p = wp/wI is the recycle fraction in each unit. In other 
words, p is the probability that a fluid element recycles in a unit 
after leaving its region "1." 

It is well known that the sum of m independent random 
variables each with a geometric distribution follows a negative 
binomial distribution (Feller, 1968, p. 269), i.e., 

y d m  + k) = (" + - ')pk(l - p)". k = 0, 1, 2 ,  . . (2) 

Here, k denotes the number of cycles above the minimum 
number, rn. completed during a passage through the system. 
The mean and variance of this distribution are 

(3) 
m 

p,+ = E [ N ]  = - = ( R  + 1)m 
1 - P  

and 

Note that, as expected, both the mean and the variance of the 
cascade are the sum of the mean and the variance, respectively, 
of the individual units. 

The NCD depends on only the number of units and the 
recycle fraction (or recycle ratio) in each unit and does not 
depend on the internal configuration of the units, fluid proper- 
ties or flow patterns in each unit. Figure 2 shows the probability 
function for systems with different numbers of units. For com- 
parison purposes, we take the mean of the distribution as a 
constant, /A, = 100. Then for each value of m, the recycle 
fraction, p ,  is determined by Eq. 3. Note that the probability 
function of h' varies from a geometric distribution when m = 1 to 
a dirac delta function when m = ph. In the latter case p = 0, and 
each fluid element passes only once through each unit and 
completes exactly m cycles. This can be seen by examining the 
ratio of the standard deviation and the mean of N for different 
number of units. From Eqs. 3 and 4: 

(5) 

Since p,, 2 m, the ratio becomes smaller as m increases and is 

zero when m = pN in which case p = 0 by Eq. 3. Note that when 
px >> m, Eq. 6 is reduced to uNNlpN G, thus the 
relative standard deviation is inversely proportional to 6. 

RESIDENCE TIME DISTRIBUTION 

The residence time in the system is defined as the time a fluid 
element spends in the system. Let T denote this random vari- 
able and let 

F,(t) = PIT 5 t} ( t  > 0) 

stand for its distribution function. F,(t) is by definition the RTD 
of the system. 

The residence time in the system is clearly the sum of the 
residence time in each of its units. Thus, if TI denotes the time a 
fluid element spends in unit "1," T 2  the time it spends in unit 
"2," etc., then 

(7) T = TI + T2 + .  . . + T ,  . 

The random variables TI,  T,, . . . , T ,  are all independent and all 
follow the same distribution, F( t ) ,  which is the RTD of a single 
unit derived in Part I. Hence, the RTD of the cascade is the 
m-fold convolution of F(t) ,  i.e., 

F d t )  = [F(t)l*". (8) 
It follows immediately (see Appendix B of Part I) that the La- 
place transform of F,(t) is: 

8,(s) = e-S'dF,(t) = [8(s)lm, 

which upon substitution according to Eq. 20 of Part I, becomes 

I 
(9) 

This is the transfer function of the system. 
The mean and variance of the RTD can he derived from Eq. 9 

using the methods described in Appendix B of Part I, or alterna- 
tively, directly from Eq. 7 noting that the expected value of a 
sum of random variables is the sum of the expected values of the 
individual random variables. Thus, 

pT = E [ T ]  = EITl + . . . + T,,,] 

= E [ T , ]  + . . . + E[T,] = m E [ T , ] .  

But, E[T,lis the mean residence time in a single unit which is 
given in Eq. 21 of Part I. Hence, 

Similarly, using the fact that the variance of the sum of indepen- 
dent random variables is the sum of the variances of the indi- 
vidual random variables we have 

m: = Var[T]  = Var[T ,  + . . . + Tn,] 

= Var[T,] + . , . + Var[T,,] = m Vnr[T,] .  

Substituting the expression for the variance of the RTD in a 
single unit given in Eq. 22 of P u t  I we obtain, 

Here, pI, k2, my, u; are, respectively, the means and variances 
ofH,(x)andH,(y). SinceP, = V l / w l ,  p2 = V,/wp.  V,, = V ,  + V,, 
w2 = pic, and w2 = wI - (c,,, it follows from Eq. 10, that the 
mean residence time in the system is mV,Jw,,, which, as ex- 
pected, is equal to the total volume of the system divided h y  the 
volumetric flow rate. 

A more explicit expression for the RTD of the system than Eq. 
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8, may be obtained either by performing the formal convolution 
operation of Eq. 8, or alternatively, as follows. First write 

F,,( t )  = PIT I f }  = 
cc 

P{T 5 t I N = m + k }  P{N = m + k} .  (12) 

This is the so-called formula of total probability where the first 
term under the sum is the conditional probability that T I t 
given that N = m + k. To evaluate this term we note that once it 
is known that a fluid element completed exactly m + k cycles in 
the system it then immediatelyfollows that it visited m + k times 
in regions “I”, and k times in regions “2”. Thus, 

PIT I t I N = m + k }  = [HP‘m+k’*Hfk] ( t )  . 

Substituting this in Eq. 12 together with the expression for P{N 
= m + k}  according to Eq. 2 we obtain 

k=0 

zone and region “2” by a plug flow zone connected to a series of 
a2 equal-size stirred tanks, i.e.,  

hl(x)  = 6(X - T I )  

. e - ‘ 1 - ( m + k ) T l - k r 2 ) / D Z  ( t  > ( m  + k ) T 1  + kT2) (17) 

Case D:  In each unit, both region “1” and region “2” are 
represented h y  a plug flow zone connected to a series of 
equal-size stirred tanks (a1 in region ‘‘1’’ and a2 in region-“2”). 
Here 

, k [ H T ” ( , , , + k ~ * H 2 * k l ( t ) ,  (13) 

When the densities of H , ( x )  and H2(y) exist, one can obtain an 

k=O 

explicit expression for the density of the RTD, fnl(t), by rewrit- 

ing Eq. 13 as: h,(x) = To (T) e - ( X - T l ) / D I  (x 2 T , )  
1 1 Y - TI u1-l 

p k . l :  hP‘”+”(x)h,*’(t - x)dx. (14) 

In principle, whenever m, p ,  h,(x)  and h,(y) are known, fn,(t) can 
be calculated directly from Eq. 14. However, the computations 
may be quite difficult since they involve evaluations of n-th 
order convolutions and an infinite series of integrals. Fortu- 
nately, for many commonly-used system configurations useful 
RTD expressions can he derived. Using the same technique 
described in Part I ,  we can write explicit RTD expressions when 
the two flow regions are represented by either a plug-flow zone, 
a series of equal-size stirred tanks, or the combination of the 
two. For convenience, we divide these into the four cases shown 
schematically in Figure 2 of Part I. 

Case A: In each unit, both flow regions are represented by a 
plug flow zone, i.e.,  h,(x) = 6(x - T ~ ) ,  h,(y) = 6(y  - T ~ ) ,  where 
= Vl/wl and 7 2  = V 2 / w 2 .  For this case Eq. 14 reduces to 

f”(t) = ( 1  - p)”  E (“ + - 1) k k=O 

p%(t - ( m  + k ) T ,  - k T 2 ) .  (15) 
Case B: In each unit, region “1” is represented by a, equal- 

size stirred tanks connected in series to a plug flow zone and 
region “2” is represented by a plug flow zone, i.e., 

h&) = S(y - 7 2 )  , 

whereT1 = Vl,/wl,  PI  = VI, l I /aIwI  and r2 = V 2 / w 2 .  For thiscase 
Eq. 14 reduces to 

t - ( m  + k)rl - kr2 ( “ + l i b l - ’  

W m  + i% PI 1 P k  

. e - ( ( - ( m + k ) r l - k r 2 ) i D l  (t  2 (m  + k)rl + (16) 

Case C :  In each unit, region “1” is represented by aplug-flow 

where T~ = Vl,/w1, P1 = V l , r l / a 2 ~ 1 ,  T~ = V2,,/w2 and P2 = 
V 2 n , / a 2 ~ 2 .  In this case, Eq. 14 reduces to 

1 

1 1 1 1  
’” T((m + k)a,)  

for t 2 ( m  + k)T1 + k T 2  and zero otherwise. 
The foregoing RTD expressions can be used to formulate and 

verify various flow models. Figures 3 and 4 show thef,(t) curves 
for several illustrative systems at various values of m. The ver- 
satility of a flow model based on a cascade of recycle units to 
represent systems whose RTD curves have wide range of shapes 
is evident. 

JOINT DISTRIBUTION OF THE NUMBER OF CYCLES AND 
RESIDENCE TIME 

The joint distribution of N and T is defined as the probability 
that a fluid element completes exactly n cycles while residing in 
the system no longer than time t ,  viz., 

( n  = m, m + 1 ,  . . . ; t > 0) 

Both the RTD and NCD are special cases of the joint dhtrihu- 
tion and are related to Gm(n, t )  by: 

G,,(n, t )  = P{N = n ,  T I t}.  

r 

F , J t )  = P{T 5 t} = P{N < m, T 5 1 )  = 2 G,Jn, t ) ,  (19) 
>a=,,, 

and 

y,,,(n) = P { N  = n} = P{N = n,  T < m} = !ii~ G , ( n ,  t )  (20) 
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This joint distribution can be evaluated using, once again, 
conditional probabilities, 

Gn,(m + k ,  t )  = PIN = m + k ,  T 5 t} 

= P{T 5 t I N = m + k}P{IL’ = m + k}.  (21) 

In the last expression of Eq. 21, the first term is given by Eq. 12 
and the second term by Eq. 2. Hence, 

(22) 

In principle, whenever m, p ,  H , ( x ) ,  and H2(y) are known, G d n ,  
t )  can be evaluated for any value of n and t. Note that for m = 1, 
i.e., when the system consists of a single recycle unit, Eq. 22 is 
reduced to the joint distribution of a single unit as given in Part 
I .  When p = 0, i.e., when each unit has no recycle, G,,,(n, t )  = 
H?”’(t) which is then the RTD of the system. 

In many cases, it is technically difficult to evaluate G,(n, t )  
explicitly. It is then useful to consider the joint transform, 
defined in Part I ,  from which moments can be easily calculated. 
Applying the technique described in Part I ,  and using the 
properties of Laplace transform, the joint transform of a cascade 
of m recycle units is given by: 

(23) 

yhere Iz/ < 1 and s > 0 are the transform variables and A,(s) and 
H 2 ( s )  are the Laplace transforms of H , ( x )  and H2(y), respec- 
tively. 

The expressions of Eqs. 22 and 23 are two key relations which 
characterizc the behavior of the system. Both the NCD and the 
RTD can be derived from Eq. 22 using Eqs. 19 and 20 and their 
moments can be derived from Eq. 23. However, since these 
have already been obtained via different methods, we shall not 
pursue this here. Instead, we shall later use them to derive 
product moments and correlation coefficients of these variables. 
Before we d o  this, let us look at regional residence time distri- 
butions. 

TOTAL REGIONAL RESIDENCE TIME DISTRIBUTIONS 

Certain processes depend on the total time a fluid element 
stays in a specific section of the system. Such processes are 
conveniently characterized by the total regional residence time 
distributions (TRRTDs). In the cascade, several regions may be 

1 6  

12  - 
3 t 
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Figure 4. Illustration of residence time distribution for different number of 
units (p = 0.5; V ,  = V ,  = 0.5V0; a, = 5; a2 = 0).  

of interest. When the residence time in a specific unit is impor- 
tant, the TRRTD is given by the RTD of a single recycle unit. 
When the total residence time in a flow region of a specific unit is 
important, the TRRTD is given by the TRRTD of either region 
“1” or region “2” derived in Part I. If the total residence time in 
all regions “1” or regions “2” is important, the TRRTD is oh- 
tained as follows. 

Let W, be  the total time a fluid element spends in region “1” 
of unit 1, W2 be the time spent in region “1” of unit 2 ,  etc. Then 
the total regional residence time in regions “1” of the cascade, 
T,:”, is given by 

T::) = W, + . . . + W,,,. 

The distribution of T,,“’ is 

F:A’(t) = P{T,:” 5 t }  , 

which is by definition the TRRTD for all regions “1.” An expres- 
sion for F,,j”(t) can be easily obtained directly from Eq. 13 hy 
noting that the total residence time in regions “1” is equal to the 
residence time in the system if the residence time in all regions 
“2” were zero. Thus, by substituting a unit step function at the 
origin for H,(y) into Eq. 13 one obtains 

(24) 

When the density of H , ( x )  exists the density of the TRRTD of 
regions “1” can be written as: 

(25)  

For the special case when region “1” is represented h y  acascude 
of a, equal-size stirred tanks and a plug flow zone Eq. 25 
reduces to 

1 ( t - imp+- k)Tl (ni+k)al-l 1 1 
” T((m + k)a,) 

. c , - ( l - ( n i + k ) r i ) l i 3 ~  

The Laplaee transform of Fit)( t )  is obtained by substituting 
Fj,(s) = I into Eq. 9, viz., 
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Figure 5. Illustration of residence time distribution and total regional 
residence time distribution (m = 2; p = 0.5; vl = v2 = 0.5V”; a, = 5; 

~i~~~~ 6, illustration of residence tirne distribution and toto\ regional 
residence time distribution (m = 5; = 0.5; V ,  = Vz = 0.5V”; a, = 5; 

a2 = 0). a2 = 0) .  

The mean and the variance of Fht’(t) can be obtained directly 
from Eq. 26 using the relations given in Appendix B of Par? I. 
The results are 

When region “2” is represented by a series of a2 equd-size 
stirred tanks connected to a plug flow zone, the density of F $ ) ( f )  
i5: 

m 
E[TjA’] = - PI 

1 - P  
and 

Note that both Fj,:)(t) and its moments depend only o n  m, p ,  and 
Hl(x) ,  and not H,(y). Also note that the mean and the variance of 
the TRRTD for all regions “1” are, as expected, m times the 
mean and variance of the TRRTD in region “1” of a single unit. 
.;\lso, when m = 1, Eq,  2S is reduced to the single unit euprrs- 
sion derived in P x t  I .  Since, pI = V,/ tc ,  = (1 - p)V,/rc,, and p? 
= m(Vl  + \ 7 2 ) / ~ r , ,  Eq. 27 becomes 

Thus, the mean of the total regional residence time in regions 
“1’’ is proportional to the volume fraction of these regions and 
the mean residence time in the system. ..2lso, upon substitution 
/J-T = (\’I + V,)n~/tc,, Et1. 29 l)ec0111es 

\vhich shows that the mean regional time in rtyjons “1” is. as 
expected, the volume of regions “1” divided 1,) the net flow rate 
through the system. 

The TRRTD in regions “2” and its moments may be obtained 
in a similar way. The results are: 

Figurvs 5 and 6 show the densities of j’j,f’(t), and f , , ,(t) for two 
illustrative recycle systems. 

JOINT PARAMETERS 

.&s indicated in Part I ,  useful concise information on fluid 
history in the system may he gathered from the joint parameters 
jcovariances and correlation coefficients) of N and T ,  N and T,,:”, 
h7 and T,,:*’, T,,:” and T,J2’, etc. We start with the covariance of N 
and T. By definition, 

COV(K, T )  = E [ ( N  - E[h‘])(T - E[T] ) ]  

From the definitions of A’,, . . . , K ,,,, TI-  . . . , T,,,, and Eys. 1 
and 7 we olitain 

COWS, T )  = E [( A’, - E [  I =  2 1 Y,]) 

( 2 T ,  - E [ ,=I 5 T ! ] ) ]  = E [  ( t =  5 I (A’, - E[Yt])). 

( 5 ( T ,  - E [ T , ] ) ) ]  = E [  , = 1  5 (XI - E [ S , ] ) ( T ,  - E [ T , ] )  

/ = I  

,=1 

= 5 E [  (Nt - E[(TVt - E [ S , ] ) ( T ,  - E [ T , ] ) ]  
#=I 

E[TI,y)] = X p 2  , + 2 <<! E [ ( X ,  - E[A7,])(T, - E[T , l ! ] ) ] .  (31) 
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For thei-th unit, E [ ( N ,  - E[Ni])(Ti - E[T,] ) ]  is the covariance of 
N and T for a recycle unit and is given by Eq. 63 of Part I. 
Moreover, all the terms under the second sum vanish since each 
is COV(Ni, Tj) and for i < j ,  Ni and Tj are independent. Thus Eq. 
31 reduces to 

COV(N, T )  = mp (pI + pz) 
(1 - PI2 

The correlation coefficient of N and T ,  

COV(N. T )  
(Var“]) ”‘(Var[T]) ’/’ ’ 

p ( N ,  T )  = 

is obtained by substitution from Eqs. 4 and 11. It is: 

-112 

(33) 

Note that the correlation coefficient of N ,  and Tin a cascade of m 
identical recycle units is independent of m and is the same as 
that of a single unit. 

The covariance of N and T$can be obtained, like in Part I, by 
substituting p2 = 0 and a, = 0 in Eqs. 32 and 33. This gives: 

and hence 

Similarly the covariance and correlation coefficient of N and T,,(’) 
are: 

COV(N, Tg)) = mp 
(1 - p)’ 

and 

Once again these are the same as for a single unit and are 
independent of m. 

To obtain an expression for the covariance of T,”’and T,,“’we 
note that T = T,,:” + T,”’, use the relation 

COV(Ti:’, Ti:’) = (Var[T]  - Var[Tg)]  - Vur[Tg)]) /2 ,  

(see Eq. 70 of Part I) and substitute Eqs. 11, 28, and 30. This 
leads to: 

and hence 

Here again, the correlation coefficient is independent ofm and is 
the same as that of a single unit. 

APPLICATIONS 

The foregoing analysis provides general expressions which 
can characterize almost any operation carried out in a process 
which can be represented by a cascade of m identical recycle 
units. To give an idea on the applicability of the results we shall 
discuss herr two situations where they can be used. The first is 
an example of an operation in which the number of passages 
through regions “1” is the important system parameter. The 
second is a short discussion o n  the versatility of the cascade of 
recycle units in modeling. 

Consider first the particle coating apparatus of Wurster and 
Lindorf (1966) which can be schematically described by Figure 
1 .  Every time a particle passes through a region “1” it is being 
sprayed with a coating solution and the solvent evaporates when 
particles pass through regions “2.” Thus, the total amount of 
coating on a particle depends on the number of cycles it com- 
pletes and the amount of coating in each passage, which is also a 
random variable. A more complete analysis of the coating unit 
will be given elsewhere. Here, for simplicity, we assume that 
the amount of coating added on in each passage is constant. The 
problem we address is how many units should be used in order 
to satisfy given requirements on coating uniformity. 

Since the amount of coating added on in each passage is fixed, 
the coating requirement immediately determines the mean 
number of cycles. Let us say that the mean is E [ N ]  = M, where 
M is known. The requirement on coating uniformity among 
particles can be stated in several ways. In most cases the uni- 
formity specification is that the fraction of particles carrying less 
than a specified amount of coating C,, or more than C2 is less 
than 7 .  Since the amount of coating added in each cycle is 
constant, these limits can be expressed in terms of two integers 
L,  and L2 which denote the lowest and highest number of cycles 
acceptable. Then from Eq. 2 the uniformity specification can be 
written as: 

From Eq. 3, p = (M - m)/ M and the uniformity specification 
can be expressed as: 

This relation can be solved numerically to determine the value 
of m. Once m is selected the recycle fraction (operating condi- 
tions) in each unit is determined by Eq. 3. 

The second application concerns the use of a cascade of recy- 
cle units as a flow model. This model provides two advantages 
over the stirred tanks-in-series model, commonly used in chem- 
ical engineering. First, each recycle unit represents more realis- 
tically local deviations from ideal mixing. Second, this model 
consists of three parameters (m,  p ,  and unit configuration) which 
could be conveniently adjusted to many practical situations. The 
configuration of each recycle unit is first hypothesized on the 
basis of available knowledge regarding the system structure and 
behavior. Then it is adjusted by trial and error until the shape of 
the RTD curve of the model corresponds to the measured RTD 
curve of the actual system. The diversity of RTD curves which 
can be represented by the cascade of recycle units model is 
illustrated in Figures 3 and 4. 

Finally, we note that a well known result on the stirred tanks- 
in-series model also holds true for any cascade of recycle units 
irrespective of the configuration of each unit. Specifically, we 
wish to show that a cascade system with fixed mean residence 
time behaves, at the limit, when m goes to infinity like a plug 
flow region. To show this we assume that pT = mV,JtL.,, is con- 
stant, that system configuration does not change, i.e., V l / V z  is 
constant, and that mixingpatterns do not change, i.e.,  w,/pt and 

are both constants. Then a straight forward argument 
using Eq. 10 will show that a;.goes to zero as m goes to infinity 
and the result follows. 
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NOTATION 

F,(t), F,“’(t), F,/”(t) = total residence time distribution for the 
system, regions “1” and regions “2”, respectively 
(dimznsionless) 

p, (s) ,  F,,(”(s), F,,(”(s) = Laplace transform of F,,(t), F,”’(t) and 
F,‘2’(t)(dimensionless) 

fnr(t), fn/1)(t)f,,‘2’(t) = densities of F,(t), FnI(’)(t) and F,,‘2’(t) 
(time-’) 

G,(n, t )  = joint distribution of number of cycles and residence 
time (dimensionless). 

H , ( x ) ,  H,(y) = one-pass residence time distribution in region 
“1” and region “2,” respectively (dimensionless) 

f i , ( s ) ,  f i ,(s)  = Laplace transform of H , ( x )  and H,(y), respec- 
tively (dimensionless) 

h,(x) ,  h&) = densities of H , ( x )  and H,(y), respectively (time-’) 
N = number of cycles in the system, a random variable 
Ni = number of cycles in the i-th unit, a random variable 
m = number of units in the cascade 
P = recycle fraction w 2 h I  (dimensionless) 
Qm(n) = distribution function of N ,  NCD (dimensionless) 
qm(n)  = probability function of N (dimensionless) 
R = recycle ratio w2/wo (dimensionless) 

T ,  Ti = residence time in the system and in the i-th unit, 

T,j’), TI,{,) = total residence time in regions “1” and “2,” respec- 

t = time 
V,, V, ,  V, =volume of a unit, region “1” and region “2” of a unit, 

S = variable of Laplace transform 

respectively, random variables 

tively, random variables 

res ectively 

respectively 
VIP, V,, =volume of plug flow zone in region “1” and region “2,” 

respectively 
wo, w, ,  w2 = net flow rate through each unit, through region “1” 

and region “2,” respectively (volume/time) 
W, = total regional residence time in region “ I”  of the i-th 

unit, a random variable 
x ,  y = time 
z = transform variable (dimensionless) 

V,,,,, V2nr = vo P ume of mixing zone in region “1” and region “2,” 

Greek Letters 

( ~ 1 ,  ( ~ 2  = number of equal-size stirred tanks in region “1” and 
region “2,” respectively (dimensionless) 
mean residence time of one passage through a stirred 
tank in region “1” and region “2,” respectively (time) 
gamma function 
mean of Hl(x) and H2(y), respectively (time) 
mean of Q,,,(n) (dimensionless) 
mean of F,,,(t) (time) 
correlation coefficient (dimensionless) 
standard deviation of HI(%) and Hz(y), respectively 
(time) 
standard deviation of Q,,(n) (dimensionless) 
standard deviation of F,,(t) (time) 

T ~ ,  T~ = residence time in plug flow zone of region “1” and 
“2,” respectively (time) 
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